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Further applications of this technique can include the study of
tether dynamics during contact between the tether and the deployer
mechanism or guide.
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Introduction

C ONNECTING two bodiesbymeansof a tetherhasbeenused in
many aerospace applications including tethered spacecraft,1,2

aircraft air refueling,3,4 and atmospheric balloons.5 More recently,
designers have proposed weapon systems consistingof two projec-
tiles connectedby a tether line.6 In these concepts the lead projectile
is generallya bomb, and the followerprojectile is a sensor platform.
The ordnance is released from an aircraft at altitude and drops to-
ward a target on the ground. Initially, the two projectiles are rigidly
attached. At a prespeci� ed time the projectiles separate and subse-
quently unreel the tether line. After the tether line is fully payed
out, the system settles toward a steady state as it approaches the
ground. Maximum tether line loads usually occur shortly after the
tether is fully deployed. This time instant is de� ned as the snatch
point. Snatch loads are typically large, to the point where line fail-
ure is an important concern. Designers must balance the need to
unreel the tether line in a speci� ed period of time while at the same
time limiting tether line loads, follower projectile acceleration, and
lead projectile trajectory deviations. Previous work by Frost and
Costello7 developed a dynamic model suitable for simulating the
exterior ballisticsof this weapon system from release of the weapon
to impact on the ground. Here, we use this dynamic model to estab-
lish how primary system design parameters such as projectile mass
ratio, drag coef� cient ratio, and tether stiffness affect performance
of the weapon.

Dynamic Model Description
Both the lead and follower projectiles are modeled as point

masses, and the tether line is likewise discretizedas an openchainof
pointmasses, or beads,where adjacentmass elementsare connected
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by a spring and damper in parallel.Each bead has three translational
degrees of freedom. The projectiles and tether beads are acted upon
by gravitational, aerodynamic, and elastic forces. The Earth’s sur-
face is used as an inertial reference frame. Air density is computed
using the standard atmosphere model.8 The projectile drag coef-
� cients are Mach-number dependent and are computed by linear
interpolation of tabulated data. Aerodynamic forces on the tether
line include skin-friction drag along the tether line and � at-plate
drag perpendicular to the tether line. As the lead and follower pro-
jectiles separate, the tether line pays out. There are two aspects to
modeling this process, namely, the pay out of the tether line from
the lead projectile and the motion of released tether line. The tether
deployment model initially places all tether beads on the lead pro-
jectile. As the tether line is payed out, beads are released from the
lead projectile into the atmosphere.A bead is not placed into the at-
mosphere until a suf� cient length of line has been unreeled.For this
reason,duringdeploymentonly a fractionof the tetherbeadsare dy-
namically active in the atmosphere. When a bead is placed into the
atmosphere, it is placed along the line from the release point to the
last bead released, and initial conditions are established such that
the elastic force across the line is unchanged. This tends to prevent
a discontinuity in the tether line out rate as a result of bead release.
However, because aerodynamic forces act on the bead immediately
after it is released, a slight perturbation is generally observed when
a tether bead is released. When a bead is released, the mass of the
lead projectile is reduced by the released bead weight; the length
from the release point to the last tether bead released is reset along
with the stiffness and damping coef� cients of the exiting tether line.
The elastic force between the lead object and the neighboring bead
acts on the reel to pay out the tether line. When the full length of
tether line has been unspooled, the acceleration and the velocity of
the reel are set to zero.

Simulation Results
Typical values were selected for a generic 2000-lbf (8896.44 N)

bomb lead projectile released from a parent aircraft and a fol-
lower projectile, which is a sensor platform. The lead projectile
is released from the parent aircraft at an altitude of 25,000 ft
(7620 m) and a speed of 500 ft/s (152.4 m/s). The lead projec-
tile reference area is 1.77 ft2 (0.164 m2 ). The follower projectile
weighs 20 lbf (88.96 N) (1% of the lead projectile) and is re-
leased from the lead projectile at t =0 s. The tether line has the
following properties: length =1000 ft (304.8 m), weight per unit
length =0.01 lbf/ft (0.146 N/m), diameter = 0.0082 ft (0.0025 m),
stiffness =62,500 lbf¢ ft/ft (278,013 N-m/m), skin-friction drag
coef� cient = 0.007, and � at-plate drag coef� cient =1.1. The tether
reel weighs 5 lbf (2.24 N). All simulation results use 100 beads to
discretize the tether line.

The separation dynamics are driven in large part by the differ-
ence between the drag forces on the lead and follower projectiles.
Figure 1 plots the range of the lead and follower projectiles for � ve
different follower-to-lead drag coef� cient ratios (1.25, 1.50, 1.75,
2.00, and 5.00). The shape of the drag coef� cient curve vs Mach
number is identical for both projectiles. As would be expected, a
decrease in range is noticed when the drag coef� cient ratio is in-
creased. One of the primary questions designers are faced with is
how to shape the follower projectile to unreel the tether line over a
speci� ed duration of time while at the same time limiting the tether
line maximum loads and the follower projectile acceleration at the
snatch point. Figure 2 shows the length of tether line deployed from
the lead projectile over the trajectory for different drag coef� cient
ratios. Figure 3 plots the magnitude of the inertial velocity of the
lead projectile. When the follower projectile drag coef� cient is in-
creased relative to the lead projectile, the tether line pays out more
rapidly so that tether line tension acting on the lead projectile is
higher over a longer portion of the trajectory, contributing to a de-
crease in range. For a drag coef� cient ratio of 5.0, the decrease in
range of 15% is substantial;however, the correspondingdecrease in
the tether deployment time of approximately 1 s is modest. For the
con� guration analyzed the steady-state drop velocity is larger than
the release velocity so that the lead projectile increases its speed
over the trajectory until it impacts the ground and its velocity goes
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Fig. 1 Projectile range vs time (follower/lead projectile mass ratio 1%).

Fig. 2 Tether lineout vs time (follower/lead projectile mass ratio 1%).

to zero. As expected,when the follower projectiledrag is increased,
the speed of the lead projectile is reduced, and the time duration for
the ordnance to reach the ground is increased. Figure 4 shows the
speed of the follower projectileover the trajectory for differentdrag
coef� cient ratios. All traces show the same basic characteristics.
Because the steady-state drop velocity of the follower projectile is
lower than the aircraft release speed, the speed of the follower pro-
jectile initially decreases.The difference in speed between the lead
and follower projectiles pays out the tether line. When the tether
line is fully deployed, the tether line grabs the follower projectile
and rapidly increases its speed. The follower projectile then re-

bounds toward the lead projectile so much that the tether line goes
slack. With the tether line slack the follower projectile again re-
ducesits speedto seek the steady-statedropvelocity.This oscillation
continues until a steady-state condition is attained where the speed
of the lead and follower projectiles is equal. At the end of the tra-
jectory, the lead projectile impacts the ground, and, shortly after,
the tether line goes slack and again the speed of the follower pro-
jectile decreases as it approachesthe steady-statedrop velocity.For
drag coef� cient ratios of 1.25, 1.5, 1.75, 2.0, and 5.0, the max-
imum tether line tension is 1776, 1979, 2265, 2552, and 3719 lbf
(7900,8803,10,075,11,352,and 16,543N), respectively.Increasing
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Fig. 3 Lead projectile speed vs time (follower/lead projectile mass ratio 1%).

Fig. 4 Follower projectile speed vs time (follower/lead projectile mass ratio 1%).

the drag coef� cient ratio steadily increases the maximum instanta-
neous tether line tension. Designers must take care in selecting the
drag coef� cient ratio to avoid exceeding the ultimate tether line
strength while properly deploying the tether in a speci� c time in-
terval. The maximum acceleration of the follower projectile also
steadily increases with increased drag coef� cient ratio. For tether
line stiffness of 10,000, 25,000, 50,000, 62,500, and 75,000 lbf-ft/ft
(44,482,111,206,222,411,278,013,and 333,616N-m/m), the max-
imum tether line tension is 1256, 1700, 2318, 2553, and 2761 lbf
(5587,7562,10,311,11,356,12,282 N), respectively.Increasingthe
tether line stiffness also steadily increases the maximum instanta-
neous tether line tension.

Figures 5 and 6 display the speed of the lead and follower pro-
jectiles under the same conditions just stated, except the weight
of the follower projectile has been increased to 2000 lbf (8896 N)

(mass ratio = 100%). As with the 1% mass ratio case just shown, a
decrease in range is noticed when the follower projectile drag co-
ef� cient is increased. However, for drag coef� cient ratios of 1.75
and less, the tether line never becomes fully deployed before the
lead projectilecontacts the ground.For drag coef� cient ratios of 2.0
and 5.0, oscillations from the snatch point do not subside before
the lead projectile impacts the ground. Because the tether line for
the low drag coef� cient ratios is never fully deployed, the lead and
follower projectilesapproach their steady-statedrop velocitieswith
a slack tether line. Unlike the 1% mass ratio case just studied, the
lead projectile’s speed is greatly affected by the snatch load for the
drag coef� cient ratio of 5.0. The other traces do not exhibit this
characteristicbecause the snatch point does not occur or occurs just
prior to the lead projectile impacting the ground. Also, the lead and
follower projectiles never approach a steady-state condition.
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Fig. 5 Lead projectile speed vs time (follower/lead projectile mass ratio 100%).

Fig. 6 Lead projectile speed vs time (follower/lead projectile mass ratio 100%).

Conclusions
For a low follower-to-lead-projectile mass ratio, the tether line

is unreeled rapidly by the difference in position between the pro-
jectiles. For large mass ratios the tether line aerodynamic force un-
reels the tether line because trajectory differencesbetween the lead
and follower projectiles occur relatively slowly. Hence, the tether
line unreels itself. Ordnance retro� tted with a tethered sensor will
require updated bomb drop schedules because impact points can
be altered by up to 15% for high drag coef� cient ratio and low
mass ratio system con� gurations. The tether line stiffness has very
little effect on the position dynamics but does strongly in� uence
dynamic loading. From a design standpoint a low stiffness,high ul-
timate strength tether material is most desirable. Proper tether ma-
terial selection must consider both ultimate line strength and tether
stiffness,whichbothaffect loads.For a low mass ratio con� guration,

an increase in the follower-to-lead-projectile drag coef� cient ratio
has the expected effect of decreasing tether line deployment time
and increasing tether line loads and follower projectile maximum
acceleration.
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Introduction

A TTITUDE can be represented in several ways. Because the
representations are of the same attitude, there must be a rela-

tionship between the different representations,and it must be possi-
ble to pass from one to another.The most popular representationsof
attitudeare the directioncosinematrix (DCM) and the quaternionof
rotation.Whereasthepassagefromthequaternionto thecorrespond-
ing DCM is unique and straightforward,the passage from the DCM
to the quaternionis not. Indeed,severalalgorithmswerepresentedin
the literature for computing the quaternion from the corresponding
DCM1 ¡ 3; all are based on the solution of nonlinear algebraic equa-
tions where the unknowns are the quaternion components and the
knowns are the DCM elements. As noted by Shepperd,3 Grubin’s
algorithm1 degrades for large rotations and suffers from singularity
when applied to a DCM that represents a 180-deg rotation. On the
other hand, Klumpp’s algorithm2 is free of this singularity, but at
the expense of the computation of four square roots that requires a
cumbersomelogic to determinethe sign of the computedquaternion
elements. At the present, Shepperd’s algorithm or variants thereof
are the simplest and most popular algorithms, but they require a
square root computation and a certain voting in the way the quater-
nion elements are computed.

In this Note we suggest an algorithm, for extracting the quater-
nion from the corresponding DCM, which is valid for all attitudes
and does not require any voting. Moreover, if the given DCM is not
precise and, thereby, is not orthogonal, it yields the optimal quater-
nion in the sense that it is the quaternion that corresponds to the
orthogonal matrix closest to the given imprecise DCM. The algo-
rithm is particularly useful to users of QUEST4 or who solve the
q method directly using an algorithm that computes matrix eigen-
values and eigenvectors.

New Algorithm
In contrast to the three algorithms mentioned before that were

based on the solution of nonlinear algebraic equations, the new al-
gorithm is based on the q method.5 The development of the new
algorithm is presented in the following sections. In this section we
describe the algorithm itself. The algorithm has three versions de-
pending on the given DCM. The � rst two algorithms are for a given
orthogonal attitude matrix.
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Version 1
1) Given an orthogonal 3 £ 3 matrix D, form a matrix K2 as

follows:

K2 =
1

2

d11 ¡ d22 d21 + d12 d31 ¡ d32

d21 + d12 d22 ¡ d11 d32 d31

d31 d32 ¡ d11 ¡ d22 d12 ¡ d21

¡ d32 d31 d12 ¡ d21 d11 + d22

(1)

2)Compute the eigenvectorof K2 thatbelongsto theeigenvalue1.
This is the sought quaternion of D.

Version 2
1) Given an orthogonal 3 £ 3 matrix D, form a K3 matrix as

follows:

K3 =

1
3

d11 ¡ d22 ¡ d33 d21 + d12 d31 + d13 d23 ¡ d32

d21 + d12 d22 ¡ d11 ¡ d33 d32 + d23 d31 ¡ d13

d31 + d13 d32 + d23 d33 ¡ d11 ¡ d22 d12 ¡ d21

d23 ¡ d32 d31 ¡ d13 d12 ¡ d21 d11 + d22 + d33

(2)

2)Compute the eigenvectorof K3 thatbelongsto theeigenvalue1.
This is the sought quaternion of D.

Version 3
1) Given a nonorthogonal3 £ 3 matrix D, form the K3 matrix as

in Eq. (2).
2) Compute the eigenvalues of K3 .
3) Choose k max , the largest eigenvalue of K3 .
4) Compute the eigenvector of K3 that corresponds to the eigen-

value k max .
This is the sought quaternion of D.
The new algorithm is based on Davenport’s q method (see Refs.

5 and 6); therefore, we start our presentation of the algorithm by a
short description of this method.

q Method
In 1965, Wahba7 posed the following problem. Given are k ab-

stract unit vectors that are resolvedin a referenceand in body Carte-
sian coordinates. Resolved in the reference coordinates, these unit
vectors are denoted by ri , i =1, 2, . . . , k, and in the body coordi-
nates they are denoted by bi , i = 1, 2, . . . , k. Find the orthogonal
3 £ 3 matrix D that minimizes the cost function L given by

L(D) =
1
2

k

i = 1

ai j bi ¡ Dri j 2 (3)

where ai is a weight we assign to the i th pair. We may want to � nd
the quaternion rather than the matrix representation of attitude. In
such a case, Eq. (3) is replaced by

J (q) =
1

2

k

i = 1

ai j bi ¡ D(q)ri j 2 (4)

In Eq. (4), we are looking for that quaternion q of unit length that
minimizes J . As explained by Keat,5 Davenport showed that the
soughtq is the eigenvectorthat correspondsto the largesteigenvalue
of a certain matrix K , which is constructed as follows.

De� ne r , B, S, and z

r =
k

i = 1

ai bT
i ri (5a)

B =
k

i = 1

ai bi rT
i (5b)

S = B + BT (5c)

z =
k

i = 1

ai bi £ ri (5d)


